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On the mod p unramified cohomology of
varieties having universally trivial Chow
group of zero-cycles
Shusuke Otabe
Abstract
Auel–Bigazzi–Bo¨hning–Graf von Bothmer proved that if a proper smooth variety
X over a field k of characteristic p > 0 has universally trivial Chow group of 0-
cycles, the cohomological Brauer group of X is universally trivial as well. In this
paper, we generalize their argument to arbitrary unramified mod p e´tale motivic
cohomology groups. We also see that the properness assumption on the variety
X can be dropped off by using the Suslin homology together with a certain tame
subgroup of the unramified cohomology group.
1 Introduction
The motivation is the following problem, which was discussed by Auel–Bigazzi–Bo¨hning–
Graf von Bothmer in [2].
Problem 1.1. (cf. [2, Problem 1.2]) Let X be a proper smooth variety over a field
k of characteristic p > 0. Suppose that X has universally trivial Chow group of 0-
cycles, i.e. the degree map induces an isomorphism deg : CH0(XK)
≃
−→ Z for any finitely
generated field extension K/k. Then, are the natural homomorphisms Hi(k,Z/pZ(j))→
Hiur(k(X)/k,Z/pZ(j)) isomorphic?
Note that the formulation is slightly different from [2, Problem 1.2]. Here, the co-
homology group Hi(k,Z/pZ(j)) is the mod p e´tale motivic cohomology group of weight
j, i.e. Hi(k,Z/pZ(j)) = Hi−je´t (k,Ω
j
log), and the group H
i
ur(k(X)/k,Z/pZ(j)) is the un-
ramified cohomology group of the function field k(X), which is defined as the subgroup
of the group Hi(k(X),Z/pZ(j)) consisting of cohomology classes which are unrami-
fied at every geometric rank one discrete valuation on k(X)/k (cf. [4]). As the p-
cohomological dimension of a field of characteristic p > 0 is less than or equal to 1,
we have Hiur(k(X)/k,Z/pZ(j)) = 0 for i − j 6= 0, 1. Therefore, the problem is nontrivial
only in the case when i = j or i = j + 1. In the former case, the groups Hi(K,Z/pZ(i))
are naturally isomorphic to the mod p Milnor K-groups KMi (K)/p, i.e.
Hi(K,Z/pZ(i)) ≃ KMi (K)/p
for any field K of characteristic p > 0 (cf. [6]), and they form a cycle module in the sense
of Rost [20]. Therefore, by Merkurjev’s theorem [18, Theorem 2.11], Problem 1.1 has an
affirmative answer in that case. The remaining case is when i = j+1. In [2], Auel–Bigazzi–
Bo¨hning–Graf von Bothmer solved the problem affirmatively for (i, j) = (2, 1) (cf. [2,
Theorem 1.1]), in which case the unramified cohomology H2ur(k(X)/k,Z/pZ(1)) can be
identified with the p-torsion subgroup of the Brauer group Br(X) = H2e´t(X,Gm).
In the present paper, we will extend their argument to the unramified cohomology
group Hi+1ur (k(X)/k,Z/pZ(i)), where i is an arbitrary non-negative integer. As the main
result, we will prove the following.
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Theorem 1.2. (cf. Corollary 5.5) Let X be a smooth geometrically connected variety
over a field k of characteristic p > 0. Suppose that the degree map deg : HS0 (XK) → Z
is an isomorphism for any finitely generated field extension K/k. Then for any i ≥ 0, we
have a natural isomorphism Hi+1(k,Z/pZ(i))
≃
−→ Hi+1ct,ur(X/k,Z/pZ(i)).
Here, HS0 (XK) stands for the 0-th Suslin homology group (cf. [14, §3]) and the
group Hi+1ct,ur(X/k,Z/pZ(i)) is a certain tame subgroup of the unramified cohomology
group Hi+1ur (X,Z/pZ(i)) of X , which we call the unramified curve-tame cohomology
group (cf. Definition 4.7). In the case where X is proper over k, the unramified curve-
tame cohomology recovers the unramified cohomology of the function field k(X), i.e.
Hi+1ct,ur(X/k,Z/pZ(i)) = H
i+1
ur (k(X)/k,Z/pZ(i)) (cf. Proposition 4.9(2)), and the natural
quotient map HS0 (XK) ։ CH0(XK) is an isomorphism. Therefore, the theorem gives a
positive answer to Problem 1.1.
The idea of dropping off the properness assumption from the original problem (cf.
Problem 1.1) is brought by the work of Kahn [14]. He generalized Merkurjev’s theorem [18,
Theorem 2.11] to an open variety by replacing the Chow group with the Suslin homology
group (cf. [14, Corollary 4.7]).
The idea of considering tame subgroups is brought by the works due to Kato [16],
Izhboldin [13], Garibaldi–Merkurjev–Serre [8], Auel–Bigazzi–Bo¨hning–Graf von Bothmer
[1] and Totaro [23].
Finally, we will explain the organization of the present paper.
In §2, we recall general facts on the logarithmic Hodge–Witt sheaves. We recall the
statement of the Gersten-type conjecture established by Gros–Suwa [10]and Shiho [21] (cf.
Theorem 2.1). We also recall basic properties of corestriction map on the mod p e´tale
motivic cohomology, which was defined by Kato (cf. [15]).
In §3, we recall the definition of the unramified cohomology groups for normal varieties
and discuss the functoriality of them.
In §4, we introduce two kinds of tame subgroup of the unramified cohomology, namely
the na¨ıve unramified tame cohomology Hi+1tame,ur(X/k,Z/pZ(i)) (cf. Definition 4.5) and
the unramified curve-tame cohomology Hi+1ct,ur(X/k,Z/pZ(i)) (cf. Definition 4.7). We see
the former one admits a corestriction map for any finite surjective morphism of normal
varieties (cf. Proposition 4.11). However, we cannot see that it has an enough functoriality.
For that reason, we consider the latter tame subgroup, which respects any morphisms
between regular varieties. In the case where X = C is a normal curve, these tame
subgroups coincide with each other (cf. Proposition 4.9(1)).
In §5, we prove Theorem 1.2. The technical issue is the same as in [2]. Namely, for a
smooth variety over a field k of characteristic p > 0, we construct a family of pairings{
HS0 (XK)×H
i+1
ct,ur(XK/K,Z/pZ(i))→ H
i+1(K,Z/pZ(i))
}
K
which fulfills a satisfactory compatibility condition, where K is taken over all finitely
generated field extensions of k (cf. Theorem 5.2). To this end, we follow the argument
in [2, §3].
Acknowledgement. The author would like to thank Tomoyuki Abe for having fruitful
discussions and giving helpful comments. The author was supported by JSPS Grant-in-
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After writing up this manuscript, the author learned the paper [3] by Binda–Ru¨lling–
Saito, in which a positive answer to Problem 1.1 is obtained.
Notation
For a scheme X and any integer i ≥ 0, we denote by X(i) (respectively X(i)) the set of
points of X of codimension i (respectively of dimension i).
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Let k be a field. A variety over k is an integral scheme separated of finite type over
k. A curve over k (or k-curve) is a variety over k of dimension one. Let K be a finitely
generated field over k. A model of K/k is a proper variety over k together with an
isomorphism k(X)
≃
−→ K of fields over k.
Let K/k be a finitely generated field extension over k. A valuation v on K over k is
a valuation on K such that the associated valuation ring Ov contains k as a subalgebra.
A discrete valuation v of rank one on K over k is said to be geometric if it satisfies the
condition that
tr.degk(K) = tr.degk(k(v)) + 1,
where k(v) is the residue field of v and tr.degk(L) means the transcendental degree over k
for any field extension L/k over k. According to [18, Proposition 1.7], a discrete valuation
v of rank one onK over k is geometric if and only if there exists a normal model X of K/k
such that the point x dominated by v is of codimension one and Ov = OX,x. A geometric
discrete valuation of rank one onK/k is also called a divisorial valuation (cf. [2, Definition
2.4]).
2 The logarithmic Hodge–Witt sheaves
Let X be a scheme over Fp. For any integer m ≥ 1, let WmΩ
•
X denote the de Rham–Witt
complex of X/Fp (cf. [12, I, 1.3]). Recall that for any morphism of Fp-schemes f : Y → X ,
we have a canonical morphism of complexes of Wm(OX)-modules,
f−1WmΩ
•
X →WmΩ
•
Y (2.1)
(cf. [12, I, (1.12.3)]), which is an isomorphism if f is e´tale (cf. [12, I, Proposition 1.14]).
For any i ≥ 0, we denote by WmΩ
i
X,log the logarithmic Hodge–Witt sheaf of X in the
sense of [21, Definition 2.6]. Namely it is the e´tale sheaf on X defined as the image
WmΩ
i
X,log
def
= Im
(
(O×X)
⊗i →WmΩ
i
X
)
,
of the map (O×X)
⊗i →WmΩ
i
X ; x1⊗· · ·⊗xi 7→ dlog[x1]∧· · ·∧dlog[xi], where [xi] ∈WmOX
is the Teichmu¨ller representative of xi. If f : Y → X is a morphism of Fp-schemes, by
the functoriality of the de Rham–Witt complexes (2.1), there exists a natural morphism
of e´tale sheaves on Y ,
f−1WmΩ
i
X,log →WmΩ
i
Y,log. (2.2)
In particular, we have the restriction maps Hje´t(X,WmΩ
i
X,log)→ H
j
e´t(Y,WmΩ
i
Y,log).
According to [21, Proposition 2.8], for a regular scheme X over Fp, we have the exact
sequence on Xe´t,
0→ ΩiX,log → Ω
i
X
1−F
−−−→ ΩiX/dΩ
i−1
X → 0, (2.3)
where F : ΩiX → Ω
i
X/dΩ
i−1
X is the map induced by the Frobenius F : W2Ω
•
X →W1Ω
•
X =
Ω•X of the de Rham–Witt complexes (cf. [21, Lemma 2.7]).
For an equidimensional scheme X over Fp, we have the coniveau spectral sequence
Es,t1 =
⊕
x∈X(s)
Hs+tx (X,WmΩ
i
X,log)⇒ E
s+t = Hs+t(X,WmΩ
i
X,log) (2.4)
(cf. [21, §4]). We set Bt,im (X)
• def= E•,t1 . Then the following Gersten-type conjecture is
established by Gros–Suwa for localizations of smooth algebras of finite type over a perfect
field of characteristic p > 0 and by Shiho in the arbitrary case.
Theorem 2.1. (cf. [10] [21, Theorem 4.1]) Let X = SpecA be the spectrum of an
equidimensional regular local ring A over Fp. Then we have
Hn(Bq,im (X)
•) =
{
Hq(X,WmΩ
i
X,log) n = 0,
0 n > 0.
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As a consequence, we have the following. For smooth varieties, see also [4, Proposition
A.10].
Corollary 2.2. Let X be an equidimensional regular scheme over Fp. Let H
q,i(m)X
def
=
Rqǫ∗WmΩ
i
X,log, where ǫ : Xe´t → XZar is the natural map of sites. Then we have an exact
sequence
0→ H0(XZar,H
q,i(m)X)→
⊕
x∈X(0)
Hqx(X,WmΩ
i
X,log)→
⊕
x∈X(1)
Hq+1x (X,WmΩ
i
X,log).
In particular, if R is a regular local ring over Fp with the field of fractions K, then
the restriction map Hq(R,WmΩ
i
R,log)→ H
q(K,WmΩ
i
K,log) is injective.
Next we will recall some basic properties of the corestriction map
CorL/K : H
i(L,WmΩ
j
L,log)→ H
i(K,WmΩ
j
K,log)
defined by Kato (cf. [15]), where L/K is a finite extension of fields of characteristic p > 0.
Let K be a field of characteristic p > 0. Then as K has p-cohomological dimension ≤ 1,
the group Hqe´t(K,WmΩ
i
K,log) is zero unless q = 0, 1. If q = 0, there exists a natural
isomorphism
H0e´t(K,WmΩ
i
K,log) ≃ K
M
i (K)/p
m
(cf. [6]). Thus, for any finite extension L/K of fields of characteristic p > 0, the norm
map NL/K : K
M
i (L) → K
M
i (K) of the Milnor K-groups induces the corestriction map
H0e´t(L,WmΩ
i
L,log)→ H
0
e´t(K,WmΩ
i
K,log).
Let us consider the case q = 1. In [15, p. 658], Kato defined the corestriction map
CorL/K : H
1
e´t(L,WmΩ
i
L,log)→ H
1
e´t(K,WmΩ
i
K,log)
for any finite extension L/K of fields of characteristic p > 0. The map CorL/K is defined
by using the norm maps of Quillen’s K-groupsK∗(L)→ K∗(K) (cf. [19]). Recall also that
the graded abelian group ⊕i≥0H
1
e´t(K,WmΩ
i
K,log) has a natural right ⊕i≥0K
M
i (K)/p
m-
module structure (cf. [15, p. 658]). We denote by
[−,−} : H1e´t(K,WmΩ
i
K,log)×K
M
j (K)/p
m → H1e´t(K,WmΩ
i+j
K,log)
the corresponding multiplication. The following are some properties of the map CorL/K
which we will use later as m = 1.
• (cf. [21, Remark 5.1(2)]) For any finite extensions K ′′/K ′/K of fields of character-
istic p > 0, one has
CorK′/K ◦ CorK′′/K′ = CorK′′/K . (2.5)
• (cf. [15, p. 658, Lemma 1(1)]) Let L/K be a finite extension of fields of characteristic
p > 0. Then for any w ∈ ⊕i≥0H
1
e´t(L,WmΩ
i
L,log) and any a ∈ ⊕i≥0K
M
i (K)/p
m, one
has
CorL/K([w, aL}) = [CorL/K(w), a}. (2.6)
• (cf. [15, p. 658, Lemma 1(2)]). Let L/K be a finite extension of fields of characteristic
p > 0. Then for any w ∈ ⊕i≥0H
1
e´t(K,WmΩ
i
K,log) and any a ∈ ⊕i≥0K
M
i (L)/p
m, one
has
CorL/K([wL, a}) = [w,NL/K(a)}. (2.7)
In particular, one has
CorL/K ◦ ResL/K = [L : K]. (2.8)
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• Let L/K be a finite extension of fields of characteristic p > 0. Let K ′/K be an
arbitrary field extension. Suppose that L ⊗K K
′ ≃
∏
i L
′
i a finite product of fields
L′i. Then we have
ResK′/K ◦CorL/K =
∑
i
CorL′i/K′ ◦ ResL′i/L. (2.9)
By definition, this can be deduced from the corresponding property of the norm
maps of Quillen’s K-groups (cf. [5, Lemma 2.4]).
Remark 2.3. The condition that L⊗K K
′ ≃
∏
i L
′
i in the last property holds if L/K or
K ′/K is a separable extension. For example, if K = k(X) is the function field of a normal
variety X over a field k and if x ∈ X(1), then the local ring OX,x is an excellent discrete
valuation ring (cf. [22, Lemma 07QU]) and hence the completion K →֒ Kx
def
= Frac(ÔX,x)
is a separable extension. Therefore, for any finite extension L/K, the tensor product
L⊗K Kx is isomorphic to a direct product of fields.
3 The unramified cohomology
In this section, we will recall the definition of the unramified cohomology groups and
discuss on the functoriality of them.
Definition 3.1. Let k be a field and K/k a finitely generated field extension over k. We
denote by DIV(K/k) the set of geometric discrete valuations of rank one on K over k.
Now we recall the definition of the unramified cohomology. Fix an integer n > 0 and
set q = pn. For any scheme X over Fp, we denote by H
i,j(X) the i-th e´tale cohomology
group with coefficients in Z/qZ(j)X
def
= WnΩ
j
X,log[−j],
Hi,j(X)
def
= Hie´t(X,Z/p
n
Z(j)) = Hi−je´t (X,WnΩ
j
X,log).
Definition 3.2. (cf. [4, §5]) For a finitely generated field extension K/k, we define the
unramified cohomology Hi,jur (K/k) to be
Hi,jur (K/k)
def
=
⋂
v∈DIV(K/k)
Hi,j(Ov) ⊂ H
i,j(K),
where Ov is the valuation ring associated with v.
Note that for any v ∈ DIV(K/k), the valuation ring Ov is a discrete valuation ring
with the fraction field K. Thus, by Corollary 2.2, the group Hi,j(Ov) can be naturally
viewed as a subgroup of Hi,j(K).
If L/K be a field extension of finitely generated fields over k. Then for any w ∈
DIV(K/k), the restriction v
def
= w|K is trivial or it belongs to DIV(K/k) (cf. [18, Propo-
sition 1.4]). This implies that the natural restriction map Hi,j(K) → Hi,j(L) induces a
map between the unramified cohomology groups Hi,jur (K/k)→ H
i,j
ur (L/k).
Definition 3.3. For a normal variety X over a field k of characteristic p > 0, we define
the unramified cohomology Hi,jur (X) to be
Hi,jur (X)
def
=
⋂
x∈X(1)
Hi,j(OX,x) ⊂ H
i,j(k(X)).
By definition, we have Hi,jur (k(X)/k) ⊆ H
i,j
ur (X).
For a scheme X defined over Fp, let ǫ : Xe´t → XZar be the natural map of sites.
Then for any i, j ≥ 0, we set Hi,jX
def
= Riǫ∗(Z/qZ(j)X). For any morphism f : X → Y of
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schemes over Fp, there exists a natural map of e´tale sheaves f
−1(Z/qZ(j)Y )→ Z/qZ(j)X ,
which induces a morphism of Zariski sheaves f∗ : f−1Hi,jY → H
i,j
X in a canonical way. In
particular, we have a natural restriction map
f∗ : H0Zar(Y,H
i,j
Y )→ H
0
Zar(X,H
i,j
X ). (3.1)
Let X be a normal variety over k. The restriction map
H0Zar(X,H
i,j
X )→ H
0
Zar(k(X),H
i,j
k(X)) = H
i,j(k(X))
factors through the unramified cohomology group of X ,
H0Zar(X,H
i,j
X )→ H
i,j
ur (X)→ H
i,j(k(X)).
Corollary 2.2 then implies the following result.
Proposition 3.4. Let X be a regular variety over k. Then there exist natural isomor-
phisms of abelian groups
H0Zar(X,H
i,j
X )
≃
−→ Hi,jur (X)
≃
−→ Ker
(
Hi,j(k(X))→
⊕
x∈X(1)
Hi+1,jx (X)
)
.
The following consequence is motivated by [20, Corollary 12.10].
Corollary 3.5. Let X be a proper regular variety over k. Then for any i, j ≥ 0, we have
the equality
Hi,jur (k(X)/k) = H
i,j
ur (X)
of the subgroups of Hi,j(k(X)). In particular, the unramified cohomology Hi,jur (X) is a
birational invariant for proper regular varieties over k.
Proof. The last assertion immediately follows from the first one because the unramified
cohomology group Hi,jur (k(X)/k) does not depend on the choice of the regular model
X . Let us prove the equality. Let X ′ be a normal model of k(X). It suffices to show
that Hi,jur (X) ⊆ H
i,j
ur (X
′) in Hi,j(k(X)). As X is birational to X ′, there exists a proper
normal k-scheme Y together with proper birational morphisms Y → X and Y → X ′.
As k(X) = k(Y ) = k(X ′), by the valuative criterion for properness, we have the natural
inclusions Hi,jur (Y ) ⊆ H
i,j
ur (X) and H
i,j(Y ) ⊆ Hi,jur (X
′). Therefore, it suffices to show the
equality Hi,jur (Y ) = H
i,j
ur (X). However, as we have a morphism of k-schemes Y → X ,
there exists a commutative diagram of abelian groups
H0Zar(X,H
i,j
X )
//

Hi,jur (X)
  // Hi,j(k(X))
H0Zar(Y,H
i,j
Y )
// Hi,jur (Y )
  // Hi,j(k(Y )).
As X is regular, by Proposition 3.4, we have an isomorphism H0Zar(X,H
i,j
X )
≃
−→ Hi,jur (X).
Therefore, the commutativity of the diagram implies that Hi,jur (X) ⊆ H
i,j
ur (Y ), hence the
equality Hi,jur (X) = H
i,j
ur (Y ). This completes the proof.
Remark 3.6. Let C be a normal k-curve. Then for any i, j ≥ 0, the restriction
map Hi,j(C) → Hi,j(k(C)) induces a surjective homomorphism Hi,j(C) ։ Hi,jur (C).
Indeed, as C is of dimension one, this follows from the coniveau spectral sequence
Es,t1 =
⊕
x∈C(s) H
s+t,,j
x (C) ⇒ E
s+t = Hs+t,j(C) together with Proposition 3.4. There-
fore, if the restriction map Hi,j(C) → Hi,j(k(C)) is injective, we have an isomorphism
Hi,j(C)
≃
−→ Hi,jur (C).
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4 The unramified curve-tame cohomology
In this section, we restrict our attention to the mod p e´tale motivic cohomology group
Hi+1,i(X) = Hi+1e´t (X,Z/pZ(i)) = H
1
e´t(X,Ω
i
X,log).
In the case i = 0, we have H1,0(X) = H1e´t(X,Z/pZ). If i = 1, then the group H
2,1(X)
can be identified with H2fppf(X,µp). Let k be a field of characteristic p > 0 and let us
consider the affine line X = A1k. For these cases i = 0, 1, by purity, we obtain
Hi+1,i(A1k)
≃
−→ Hi+1,iur (A
1
k)
(Remark 3.6). As is well-known, the natural map Hi+1,i(k) → Hi+1,i(A1k) is far from
isomorphic (in general) in both the cases i = 0, 1. Therefore, the unramified cohomology
Hi+1,iur (X) is not A
1-homotopy invariant. Hence, the collection of Z-graded abelian groups
{⊕i≥0H
i+1,i(K)}K does not form a cycle module in the sense of Rost (cf. [20]). This
motivates us to consider tame subgroups of Hi+1,i(K) (cf. [16] [13] [8] [1] [23]).
We begin with the local case. For a complete discrete valuation field K of charac-
teristic p > 0, we define the tame cohomology group Hi+1,itame (K) to be the kernel of the
restriction map Hi+1,i(K) → Hi+1,i(Kt), where Kt is a maximal tamely ramified ex-
tension of K (cf. [23, §2]). Note that as Hi+1,i(K) has a p-torsion coefficient, it can be
also written as the kernel of the restriction homomorphism Hi+1,i(K) → Hi+1,i(Kur),
where Kur is the maximal unramified extension of K (cf. [1, Remark 3.7]). For a field
K of characteristic p > 0 with a geometric discrete valuation v of rank one, we define
the tame cohomology group Hi+1,itame,v(K) ⊂ H
i+1,i(K) to be the inverse image of the tame
cohomology Hi+1,itame (Kv), where Kv is the completion of K with respect to the valuation
v. Then, according to [23, Theorem 2.3] (see also [13, §2, Corollary 2.7] for the complete
case), there exists a homomorphism ∂v : H
i+1,i
tame,v(K) → H
i,i−1(k(v)) called the residue
map at v which fits into the short exact sequence
0→ Hi+1,i(Ov)→ H
i+1,i
tame,v(K)
∂v−→ Hi,i−1(k(v))→ 0, (4.1)
where Ov is the valuation ring of v.
The residue map ∂v can be described as follows. Recall that we have an exact sequence
of Fp-vector spaces (cf. (2.3)),
0→ Hi,i(K)→ ΩiK
F−1
−−−→ ΩiK/dΩ
i−1
K → H
i+1,i(K)→ 0.
We denote by [f, g1, . . . , gi} the image in H
i+1,i(K) of the differential form f dg1g1 ∧ · · · ∧
dgi
gi
∈ ΩiK . Then the tame cohomology group H
i+1,i
tame,v(K) is generated by the elements of
the form
[f, g1, . . . , gi}
where f ∈ K, g1, . . . , gi ∈ K
∗ satisfying v(f) ≥ 0 (cf. [23, §2]). The residue map
∂v : H
i+1,i
tame,v(K)→ H
i,i−1(k(v)) is now uniquely characterized by the following formula
∂v([f, g1, . . . , gi}) =
{
[f, g2, . . . , gi} if v(g1) = 1 and v(gi) = 0 for i 6= 1,
0 if v(gi) = 0 for any i.
It follows immediately from this characterization that for any generator [f, g1, . . . , gi} ∈
Hi+1,itame,v(K), we have
∂v([f, g1, . . . , gi}) = [f, ∂
M
v ({g1, . . . , gi})}, (4.2)
where ∂Mv is the residue map of the Milnor K-groups ∂
M
v : K
M
i (K)→ K
M
i−1(k(v)) (cf. [11,
Proposition 7.1.4]).
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Lemma 4.1. Let K be a field of positive characteristic p > 0 and v is a geometric
discrete valuation of rank one on K. Let Ov be the valuation ring and k(v) the residue
field. Fix a uniformizer π ∈ Ov. Then the natural reduction map of cohomology groups
Hi+1,i(Ov)→ H
i+1,i(k(v)) coincides with the composition of maps
Hi+1,i(Ov)
[−,pi}
−−−→ Hi+2,i+1tame,v (K)
∂v−→ Hi+1,i(k(v))
up to multiplication by (−1)i.
Proof. This is immediate from the description (4.2).
Definition 4.2. Let k be a field of characteristic p > 0 and K is a finitely generated field
extension of k. We define the tame cohomology Hi+1,itame (K/k) to be
Hi+1,itame (K/k)
def
=
⋂
v∈DIV(K/k)
Hi+1,itame,v(K) ⊂ H
i+1,i(K).
Note that for any v ∈ DIV(K/k), the graded subspace⊕i≥0H
i+1,i
tame,v(K) ⊂ ⊕i≥0H
i+1,i(K)
is stable under the multiplication map
[−,−} : Hi+1,i(K)×KMj (K)/p→ H
i+j+1,i+j(K)
(cf. [8, p. 153]), and hence ⊕i≥0H
i+1,i
tame,v(K) gives a graded
⊕
i≥0K
M
i (K)/p-submodule
of ⊕i≥0H
i+1,i(K). Therefore, the graded submodule ⊕i≥0H
i+1,i
tame (K/k) is also a graded
⊕i≥0K
M
i (K)/p-submodule of the group ⊕i≥0H
i+1,i(K).
It is immediate from the exact sequence (4.1) that there exists a short exact sequence
0→ Hi+1,iur (K/k)→ H
i+1,i
tame (K/k)
(∂v)
−−−→
⊕
v∈DIV(K/k)
Hi,i−1(k(v)). (4.3)
Moreover, we have the following.
Theorem 4.3. (cf. [23, Theorem 2.4]) Let k be a field of characteristic p > 0. For any
i ≥ 0, there exists an exact sequence of Fp-vector spaces,
0→ Hi+1,i(k)→ Hi+1,itame (k(t)/k)
(∂x)x
−−−→
⊕
x∈P1
k(0)
Hi,i−1(k(x))
∑
x Cork(x)/k
−−−−−−−−−→ Hi,i−1(k)→ 0.
In other words, the tame cohomology satisfies the the homotopy property for A1 and
the reciprocity for the projective line P1 (cf. [20, §2]). More precisely, the short exact
sequence
0→ Hi+1,i(k)→ Hi+1,itame (k(t)/k)
(∂x)x
−−−→
⊕
x∈A1
k(0)
Hi,i−1(k(x))→ 0, (4.4)
is exact, and the sequence
Hi+1,itame (k(t)/k)
(∂x)x
−−−→
⊕
x∈P1
k(0)
Hi,i−1(k(x))
∑
x Cork(x)/k
−−−−−−−−−→ Hi,i−1(k) (4.5)
is a complex.
Lemma 4.4. Let k be a field of characteristic p > 0 and L/K an extension of finitely
generated fields over k. Then the restriction map Hi+1,i(K)→ Hi+1,i(L) induces a map
Hi+1,itame (K/k)→ H
i+1,i
tame (L/k).
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Proof. Let α ∈ Hi+1,itame (K/k) be an element. Suppose that αL 6∈ H
i+1,i
tame (L/k). Then
by definition, there exists a geometric discrete rank one valuation w on L such that
αLw 6∈ H
i+1,i
tame (Lw). As H
i+1,i(Ow) ⊂ H
i+1,i
tame (Lw), the restriction v
def
= w|K must be
nontrivial, and hence it gives a geometric discrete valuation of rank one on K over k (cf.
[18, Proposition 1.4]). Let us consider the commutative diagram of field extensions
L // Lw // Ltw
K
OO
// Kv
OO
// Ktv.
OO
Then the condition that αLw 6∈ H
i+1,i
tame (Lw) implies that αKv 6∈ H
i+1,i
tame (Kv), which is a
contradiction. This completes the proof.
Next we introduce the following tame subgroup of the unramified cohomology group.
Definition 4.5. Let k be a field of characteristic p > 0 and X a normal variety over k.
We define the na¨ıve unramified tame cohomology Hi+1,itame,ur(X/k) to be
Hi+1,itame,ur(X/k)
def
= Hi+1,iur (X) ∩H
i+1,i
tame (k(X)/k) ⊂ H
i+1,i(k(X)).
Remark 4.6. Let f : Y → X be a dominant morphism between normal varieties over
k. If X is regular, then we get a natural restriction map between the unramified coho-
mology groups f∗ : Hi+1,iur (X) = H
0
Zar(X,H
i+1,i
X )→ H
0
Zar(Y,H
i+1,i
Y )→ H
i+1,i
ur (Y ). More-
over, as f is dominant, by Lemma 4.4, we also find that the map Hi+1,itame (k(X)/k) ⊂
Hi+1,i(k(X))
f∗
−→ Hi+1,i(k(Y )) factors through the tame cohomology Hi+1,itame (k(Y )/k).
By putting together these facts, we obtain a natural restriction map between the na¨ıve
tame cohomology groups f∗ : Hi+1,itame,ur(X/k)→ H
i+1,i
tame,ur(Y/k).
Moreover, the same argument implies that for any regular variety X over k and any
finitely generated field extension K/k such that the base change XK of X along the
extension K/k is regular and integral, the projection map XK → X induces the map
Hi+1,itame,ur(X/k)→ H
i+1,i
tame,ur(XK/K).
However, we cannot see that this tame subgroup is compatible with the restriction
map associated with a closed embedding of regular varieties.
The following definition is motivated by the work of Kerz–Schmidt [17].
Definition 4.7. Let k be a field of characteristic p > 0 and X a regular variety over
k. We define the unramified curve-tame cohomology Hi+1,ict,ur (X/k) to be the subgroup of
the unramified cohomology group Hi+1,iur (X) which consists of elements α ∈ H
i+1,i
ur (X)
such that for any finitely generated field extension K/k and for any k-morphism C → X
from any normal K-curve C, the restriction α|C ∈ H
i+1,i
ur (C) belongs to the subgroup
Hi+1,itame,ur(C/K).
Then the following is immediate from the definition.
Proposition 4.8. Let k be a field of characteristic p > 0 andK/k a finitely generated field
extension. Let X be a regular variety over k and Y a regular variety over K. Let f : Y →
X be a morphism over k, where Y is viewed as a k-scheme via the composition Y →
SpecK → Spec k. Then the natural restriction map f∗ : Hi+1,iur (X)→ H
i+1,i
ur (Y ) induces
the map Hi+1,ict,ur (X/k) → H
i+1,i
ct,ur (Y/K) between the unramified curve-tame cohomology
groups.
Moreover, we have the following.
Proposition 4.9. Let k be a field of characteristic p > 0, X a regular variety over k and
i ≥ 0 an integer.
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(1) If X = C is a normal k-curve, then we have Hi+1,itame,ur(C/k) = H
i+1,i
ct,ur (C/k).
(2) If X is a proper smooth geometrically connected variety over k, then we have
Hi+1,ict,ur (X/k) = H
i+1,i
tame,ur(X/k) = H
i+1,i
ur (X) = H
i+1,i
ur (k(X)/k).
(3) If X = A1k is the affine line, then there exist natural isomorphisms
Hi+1,i(k)
≃
−→ Hi+1,iur (P
1
k)
≃
−→ Hi+1,itame,ur(A
1
k/k).
(4) More generally, the projection map prX : X × A
1
k → X induces an isomorphism
between the unramified curve-tame cohomology groups
Hi+1,ict,ur (X/k)
≃
−→ Hi+1,ict,ur (X × A
1
k/k).
Proof. (1) The inclusion Hi+1,ict,ur (C/k) ⊆ H
i+1,i
tame,ur(C/k) is obvious. Let us show the in-
clusion Hi+1,itame,ur(C/k) ⊆ H
i+1,i
ct,ur (C/k). Let α ∈ H
i+1,i
tame,ur(C/k) be an arbitrary element.
Let K/k be a finitely generated field extension and D a normal K-curve. Suppose given
a k-morphism f : D → C. We have to show that f∗α ∈ Hi+1,iur (D) belongs to the tame
subgroupHi+1,itame,ur(D/K). Let E ⊂ C be the closure of the image f(D) in C. Then E = C
or E = {x} for some closed point x ∈ C. In the former case, the morphism f : D → C
is dominant, hence again by Remark 4.6, one can conclude that f∗α ∈ Hi+1,itame,ur(D/k).
Let us suppose that E = {x} for some x ∈ C(0). In this case, it suffices to prove that
the map Hi+1,i(k(x)) → Hi+1,iur (D) factors through H
i+1,i
tame,ur(D/K). However, as the
extension k(x)/k is finite, for any v ∈ DIV(K(D)/K), the restriction v|k(x) is the triv-
ial valuation. Hence, the image of the map Hi+1,i(k(x)) → Hi+1,iur (D) is contained in
Hi+1,iur (K(D)/K) ⊂ H
i+1,i
tame,ur(D/K). This completes the proof.
(2) The last equality is due to Corollary 3.5. The equality Hi+1,itame,ur(X/k) = H
i+1,i
ur (X)
follows from the fact that Hi+1,iur (X) = H
i+1,i
ur (k(X)/k) ⊆ H
i+1,i
tame (k(X)/k). Let us prove
the equality Hi+1,ict,ur (X/k) = H
i+1,i
ur (X). Let α ∈ H
i+1,i
ur (X) be an arbitrary element. Let
K/k be a finitely generated field extension and C a normal K-curve. Suppose given a k-
morphism f : C → X . We have to show that f∗α ∈ Hi+1,iur (C) belongs to H
i+1,i
tame,ur(C/K).
However, as the morphism f : C → X factors through the base change XK = X×kK. As
XK is proper over K, the K-morphism C → XK can be extended to a morphism C → X
from the normal compactification C of C. Therefore, f∗(α) belongs to Hi+1,iur (C/K) ⊂
Hi+1,itame,ur(C/K). This completes the proof.
(3) This immediately follows from the exact sequence (4.4).
(4) Let s : X → X × A1k be the map x 7→ (x, 0) and sη : Spec k(X) → A
1
k(X) the
natural base change of s along the generic point η : Spec k(X)→ X . By Proposition 4.8,
we have a commutative diagram
Hi+1,i(k(X)) Hi+1,ict,ur (A
1
k(X)/k(X))
s∗η
≃
oo
Hi+1,ict,ur (X/k)
?
OO
Hi+1,ict,ur (X × A
1
k/k),
?
OO
s∗
oo
where the two vertical arrows are injective by definition of the unramified tame coho-
mology. Moreover, the top horizontal arrow is an isomorphism, which is due to (3).
This implies that s∗ is injective. However, as prX ◦ s = idX , we have s
∗ ◦ pr∗X = id on
Hi+1,ict,ur (X/k), which implies that s
∗ is surjective. Therefore, s∗ is bijective and its inverse
map is given by pr∗X : H
i+1,i
ct,ur (X/k)→ H
i+1,i
ct,ur (X × A
1
k/k). This completes the proof.
Finally, we discuss the corestriction maps on the tame cohomology groups and prove
several properties.
Let us begin with the local situation.
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Lemma 4.10. Let L/K be a finite extension of complete discrete valuation fields of char-
acteristic p > 0. Then the corestriction map CorL/K : H
i+1,i(L) → Hi+1,i(K) induces a
map Hi+1,itame (L)→ H
i+1,i
tame (K) between the tame cohomology groups, which we denote by
CortL/K .
Proof. First let us consider the case where L/K is unramified. In this case we have
Lur = Kur and L⊗KK
ur =
∏[L:K]
i=1 L
ur. Thus by the equation (2.9), we have ResKur/K ◦
CorL/K = [L : K]ResLur/L, which immediately implies that the composition H
i+1,i
tame (L) ⊂
Hi+1,i(L)
CorL/K
−−−−−→ Hi+1,i(L) factors through the tame cohomology group Hi+1,itame (K).
Therefore, the lemma is true if L/K is an unramified extension. Then thanks to the
transitivity of the corestriction maps (2.5), it remains to prove the assertion for a finite
extension L/K of complete discrete valuation fields whose residue extension is purely
inseparable. In this case we have Gal(Lur/L)
≃
−→ Gal(Kur/K) and L ⊗K K
ur ≃ LKur,
hence L ⊗K K
ur ≃ Lur. Therefore, again by (2.9), we can conclude that the map
CorL/K : H
i+1,i(L)→ Hi+1,i(K) induces a map Hi+1,itame (L)→ H
i+1,i
tame (K). This completes
the proof.
For any v ∈ DIV(K/k), we have L⊗KKv ≃
∏
w|v Lw (cf. Remark 2.3). Therefore, the
equation (2.9) together with Lemma 4.10 implies that the diagram
Hi+1,i(L) //
CorL/K

⊕
w|vH
i+1,i(Lw)
∑
w|v CorLw/Kv

⊕
w|vH
i+1,i
tame (Lw)
∑
w|v Cor
t
Lw/Kv

? _oo
Hi+1,i(K) // Hi+1,i(Kv) H
i+1,i
tame (Kv)?
_oo
is commutative. As a consequence, we obtain the corestriction map of the tame cohomol-
ogy groups,
CortL/K : H
i+1,i
tame (L/k)→ H
i+1,i
tame (K/k). (4.6)
Let us prove the following.
Proposition 4.11. Let k be a field of characteristic p > 0 and f : Y → X a finite surjec-
tive morphism of normal varieties over k. Then the corestriction map Cortk(Y )/k(X) : H
i+1,i
tame (k(Y )/k)→
Hi+1,itame (k(X)/k) of the tame cohomology groups induces the map
CortY/X : H
i+1,i
tame,ur(Y/k)→ H
i+1,i
tame,ur(X/k)
between the na¨ıve unramified tame cohomology groups.
For the proof, we need two lemmas.
Lemma 4.12. Let K be a complete discrete valuation field with v its valuation. Let
L/K be a finite extension and w the unique extension of v on L. Then for any i ≥ 0, we
have a commutative diagram
Hi+1,itame (L)
∂w //
CortL/K

Hi,i−1(k(w))
Cork(w)/k(v)

Hi+1,itame (K)
∂v // Hi,i−1(k(v)).
Proof. We first prove the commutativity of the diagram under the assumption that
k(w)/k(v) is purely inseparable. Let [f, g1, . . . , gi} ∈ H
i+1,i
tame (L) be an arbitrary gener-
ator. As k(w)/k(v) is purely inseparable and both the valuation rings Ov and Ow are
complete, the restriction map H1,0(Ov) → H
1,0(Ow) is an isomorphism. Therefore, we
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may assume that f = f ′L for some element f
′ ∈ Ov. In this case, by the equations (2.7)
and (4.2) together with the compatibility between the norm N and the residue ∂M of the
Milnor K-groups (cf. [11, Proposition 7.4.1]), we have
∂v(Cor
t
L/K([f, g1, . . . , gi})) = ∂v([f
′, NL/K({g1, . . . , gi}))
= [f
′
, ∂Mv (NL/K({g1, . . . , gi}))
= [f
′
, Nk(w)/k(v)(∂
M
w {g1, . . . , gi}))}
= Cork(w)/k(v)([f, ∂
M
w ({g1, . . . , gi})})
= Cork(w)/k(v)(∂w([f, g1, . . . , gi})).
This proves the lemma in the case where k(w)/k(v) is a purely inseparable extension.
By the transitivity of the corestriction map (cf. (2.5)), it remains to prove the commu-
tativity of the diagram in the case where w/v is unramified, or equivalently the extension
of the valuation rings Ov → Ow is e´tale. In this case, we have Ω
i
Ow
≃ Ωi
Ov
⊗Ov Ow.
Hence, the group Hi+1,itame (L) is generated by elements of the form [f, ωL} where f ∈ Ow
and ω = dg1g1 ∧ · · · ∧
dgi
gi
∈ ΩiK,log. Therefore, by (2.6), we have
CortL/K([f, ωL}) = [Cor
t
L/K(f), ω}.
Note that CortL/K(f) ∈ H
1,0(K) = H1,0(Ov). If v(gj) = 0 for 1 ≤ j ≤ i, then we have
∂v(Cor
t
L/K([f, ωL})) = 0 = Cork(w)/k(v)(∂w([f, ωL})).
On the other hand, if v(g1) = w((g1)L) = 1 and v(gj) = 0 for j ≥ 2, we have
∂v(Cor
t
L/K([f, ωL})) = [Cor
t
L/K(f), g2, . . . , gi},
Cork(w)/k(v)(∂w([f, ωL})) = Cork(w)/k(v)([f, (g2)k(w), . . . , (gi)k(w)})
= [Cork(w)/k(v)(f), g2, . . . , gi}.
Therefore, it suffices to show that CortL/K(f) = Cork(w)/k(v)(f) in H
1,0(k(v)), or equiva-
lently to show that the diagram
H1,0(L)
CorL/K

H1,0(Ow)?
_oo ≃ // H1,0(k(w))
Cork(w)/k(v)

H1,0(K) H1,0(Ov)?
_oo ≃ // H1,0(k(v))
(4.7)
is commutative. However, as both the extensions L/K and k(w)/k(v) are separable,
by [21, Remark 5.1(3)], the corestriction maps CorL/K and Cork(w)/k(v) are induced by
the trace maps TrL/K : L → K and Trk(w)/k(v) : k(w) → k(v) respectively. Now the
commutativity of the diagram (4.7) follows from the e´taleness of the extension Ov → Ow.
This completes the proof of the lemma.
Lemma 4.13. Let L/K be a finite extension of finitely generated fields over k. Let
v ∈ DIV(K/k). Then the diagram
Hi+1,itame (L/k)
(∂w) //
CortL/K

⊕
w|vH
i,i−1(k(w))
∑
w|v Cork(w)/k(v)

Hi+1,itame (K/k)
∂v // Hi,i−1(k(v))
is commutative, where w is taken over all the valuations on L lying above v.
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Proof. By definition of the corestriction map for the unramified tame cohomology, the
diagram decomposes into the two squares
Hi+1,itame (L/k) //
CortL/K

⊕
w|vH
i+1,i
tame (Lw)
(∂w) //
∑
w|v Cor
t
Lw/Kv

⊕
w|vH
i,i−1(k(w))
∑
w|v Cork(w)/k(v)

Hi+1,itame (K/k) // H
i+1,i
tame (Kv)
∂v // Hi,i−1(k(v)).
The left square is commutative by the construction of the corestriction map CortL/K .
The second one is also commutative, which follows from Lemma 4.12. This completes the
proof.
Proof of Proposition 4.11. By Lemma 4.13 together with the transitivity (2.5) of the core-
striction maps, we have a commutative diagram
Hi+1,itame (k(Y )/k)
(∂y)y //
Cortk(Y )/k(X)

⊕
y∈Y (1) H
i,i−1(k(y))
(
∑
y|x Cork(y)/k(z))x

Hi+1,itame (k(X)/k)
(∂x)x //⊕
x∈X(1) H
i,i−1(k(x)),
which immediately implies the assertion. This completes the proof.
Before closing this section, we state some remarks on the na¨ıve unramified tame coho-
mology for singular varieties, which will not be used in the next section. First we extend
the definition of the na¨ıve unramified tame cohomology to singular varieties as follows.
Let X be a variety over k. Let X˜ be the normalization of X . For any x ∈ X(1), we define
the map ∂x : H
i+1,i
tame (k(X)/k)→ H
i,i−1(k(x)) to be the composition
Hi+1,itame (k(X)/k)
(∂y)
−−−→
⊕
y∈X˜(1), y|x
Hi,i−1(k(y))
∑
y|x Cork(y)/k(x)
−−−−−−−−−−−→ Hi,i−1(k(x)).
Definition 4.14. Let k be a field of characteristic p > 0 and X an arbitrary variety over
k. We define the na¨ıve unramified tame cohomology Hi+1,itame,ur(X/k) to be
Hi+1,itame,ur(X/k)
def
= Ker
(
Hi+1,itame (k(X)/k)
(∂x)
−−−→
⊕
x∈X(1)
Hi,i−1(k(x))
)
.
Note that if X is normal, this coincides with the previous one (cf. Definition 4.5).
Moreover, for an arbitrary varietyX over k, one always hasHi+1,itame,ur(X˜/k) ⊆ H
i+1,i
tame,ur(X/k).
Then as in the proof of Proposition 4.11, for any finite surjective morphism f : Y → X
of varieties over k, we have the commutative diagram
Hi+1,itame (k(Y )/k)
(∂w) //
Cortk(Y )/k(X)

⊕
w∈Y˜ (1) H
i,i−1(k(w))
(
∑
w|z Cork(w)/k(z))z

(
∑
w|y Cork(w)/k(y))y// ⊕
y∈Y (1) H
i,i−1(k(y))
(
∑
y|x Cork(y)/k(x))x

Hi+1,itame (k(X)/k)
(∂z) //⊕
z∈X˜(1) H
i,i−1(k(z))
(
∑
z|x Cork(z)/k(x))x// ⊕
x∈X(1) H
i,i−1(k(x)).
Therefore, the corestriction map CortY/X : H
i+1,i
tame,ur(Y/k)→ H
i+1,i
tame,ur(X/k) is well-defined.
Moreover, for any proper k-curve C, by applying the commutativity of the diagram to any
finite morphism f : C → P1k onto the projective line, the complex (4.5) can be extended
to the curve C, that is, the sequence
Hi+1,itame (k(C)/k)
(∂x)
−−−→
⊕
x∈C(0)
Hi,i−1(k(x))
∑
x Cork(x)/k
−−−−−−−−−→ Hi,i−1(k)
gives a complex.
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5 A pairing with the Suslin homology and its applica-
tion
Let k be a field of characteristic p > 0 and X a smooth geometrically connected variety
over k. We continue to use the same notation as in the previous section. We will construct
a pairing
HS0 (X)×H
i+1,i
ct,ur (X/k)→ H
i+1,i(k).
Here, HS0 (X) denotes the Suslin homology of X (cf. [14, §3]). To this end, we will follow
the argument in [2, §3].
Recall that
HS0 (X)
def
= Coker
(
c(A1k, X)
s∗0−s
∗
1−−−−→ Z0(X)
)
,
where c(A1k, X) denotes the free abelian group generated by integral closed subschemes Γ
of A1k×X such that the composite Γ ⊂ A
1
k×X → A
1
k is a finite surjective morphism, and
s0, s1 : Spec k → A
1
k are the sections corresponding to the points 0, 1 ∈ A
1
k respectively.
First we begin by the pairing with the group Z0(X) of 0-cycles,
〈−,−〉 : Z0(X)×H
i+1,i
ct,ur (X/k)→ H
i+1,i(k), (5.1)
which is defined by the composite
Z0(X)×H
i+1,i
ct,ur (X/k) ⊂ Z0(X)×H
i+1,i
ur (X) = Z0(X)×H
0(XZar,H
i+1,i
X )
(x∗)x∈X(0)
−−−−−−−→
⊕
x∈X(0)
Hi+1,i(k(x))
∑
x∈X(0)
Cork(x)/k
−−−−−−−−−−−−→ Hi+1,i(k).
For any finitely generated field extension K/k, this construction similarly gives a pairing
Z0(XK)×H
i+1,i
ct,ur (XK/K)→ H
i+1,i(K).
Note that the diagram
Z0(XK)×H
i+1,i
ct,ur (XK/K) // H
i+1,i(K)
Z0(X)×H
i+1,i
ct,ur (X/k)
OO
// Hi+1,i(k)
OO
is far from commutative in general. However, the pairings satisfy the following partial
compatibility conditions, which are enough for our later application.
Lemma 5.1. Let k,X be as above. Let 〈−,−〉 be the pairing given in (5.1).
(1) Let K
def
= k(X) be the function field. Let η ∈ (XK)(0) be the closed point associated
with the generic point of X . Then the composite
Hi+1,ict,ur (X/k)→ H
i+1,i
ct,ur (XK/K)
〈η,−〉
−−−→ Hi+1,i(K)
gives the natural inclusion map Hi+1,ict,ur (X/k) ⊂ H
i+1,i(K).
(2) Let x ∈ X(0) be a closed point whose residue extension k(x)/k is separable. Let
α ∈ Hi+1,ict,ur (X/k) be an arbitrary element. Then we have 〈xK , αK〉 = 〈x, α〉K in
Hi+1,i(K) for any finitely generated field extension K/k.
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Proof. (1) By Proposition 4.8, we have the commutative diagram
Hi+1,ict,ur (X/k)
//
 _

Hi+1,ict,ur (XK/K) _

Hi+1,iur (X)
u
((◗◗
◗◗
◗◗
◗◗
◗◗
◗◗
// Hi+1,iur (XK)
η∗

Hi+1,i(K).
Thus, the assertion holds.
(2) Let f : XK → X be the natural projection map. Then the fiber is given by
f−1(x) = Spec(K ⊗k k(x)). As k(x)/k is a finite separable, the fiber f
−1(x) is reduced
and hence xK =
∑
y|x y in Z0(XK). Therefore, by the equation (2.9), we have
〈x, α〉K = ResK/k ◦ Cork(x)/k(x
∗α)
=
∑
y|x
CorK(y)/K ◦ ResK(y)/k(x)(x
∗(α))
=
∑
y|x
CorK(y)/K(y
∗(αK)) = 〈xK , αK〉.
This completes the proof.
Now we prove the main technical result.
Theorem 5.2. Let X be a smooth geometrically connected variety over a field k of
characteristic p > 0. Let i ≥ 0 be an integer. For any finitely generated field extension
K/k, there exists a pairing
HS0 (XK)×H
i+1,i
ct,ur (XK/K)→ H
i+1,i(K)
which satisfies the following conditions.
(1) If η ∈ (Xk(X))(0) is the closed point associated with the generic point Spec k(X)→
X , then the composite Hi+1,ict,ur (X/k)→ H
i+1,i
ct,ur (Xk(X)/k(X))
〈η,−〉
−−−→ Hi+1,i(k(X)) is
given by the natural inclusion map Hi+1,ict,ur (X/k) ⊂ H
i+1,i(k(X)).
(2) If x ∈ X(0) is a closed point such that the residue extension k(x)/k is separable,
then for any element α ∈ Hi+1,ict,ur (X/k) and for any finitely generated field extension
K/k, we have 〈xK , αK〉 = 〈x, α〉K in H
i+1,i(K).
For the proof, we need two lemmas.
Lemma 5.3. With the same notation as in Theorem 5.2, let φ : C → X be a morphism
from a normal k-curve C into X . Then for any 0-cycle z ∈ Z0(C) and any element
α ∈ Hi+1,ict,ur (X/k), we have
〈φ∗(z), α〉 = 〈z, φ
∗(α)〉,
where 〈−,−〉 is the pairing given by (5.1).
Proof. We adapt the same argument as in the proof of [2, Lemma 3.2]. Without loss of
generality, we may assume that z is a closed point of C. Recall that φ∗(z) = [k(z) : k(x)]x,
where we put x
def
= φ(z). Since the diagram
Spec k(z)
z //

C
φ

Spec k(x)
x // X
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is commutative, by the transitivity of corestriction maps (cf. (2.5)) together with the
equality Cork(z)/k(x) ◦ Resk(z)/k(x) = [k(z) : k(x)] (cf. (2.8)), we have
〈φ∗(z), α〉 = Cork(x)/k(Cork(z)/k(x)(Resk(z)/k(x)(x
∗α)))
= Cork(z)/k(Resk(z)/k(x)(x
∗α))
= Cork(z)/k(z
∗φ∗α) = 〈z, φ∗α〉.
This completes the proof of the lemma.
Lemma 5.4. With the same notation as in Theorem 5.2, let φ : Γ → C be a finite
surjective morphism between normal k-curves. Let x : Spec k(x) → C be a closed point
and Γx
def
= φ−1(x) the scheme-theoretic fiber of x. Then for any α ∈ Hi+1,itame,ur(Γ/k), we
have
〈Γx, α〉 = 〈x,Cor
t
Γ/C(α)〉,
where 〈−,−〉 is the pairing given by (5.1).
Proof. Fix a uniformizer πx ∈ OC,x at x. Moreover, for each point y ∈ Γ lying above x,
fix a uniformizer πy ∈ OΓ,y and put ey
def
= vy(πx). By using Lemmas 4.1 and 4.13 together
with the formula (2.6), one can compute
〈x,CortΓ/C(α)〉 = Cork(x)/k(x
∗CortΓ/C(α))
= (−1)iCork(x)/k(∂x([Cor
t
Γ/C(α), πx}))
= (−1)iCork(x)/k(∂x(Cor
t
k(Γ)/k(C)([α, φ
∗(πx)})))
= (−1)iCork(x)/k(
∑
y|x
Cork(y)/k(x)(∂y([α, φ
∗(πx)})))
=
∑
y|x
eyCork(y)/k((−1)
i∂y([α, πy}))
=
∑
y|x
eyCork(y)/k(y
∗α) =
∑
y|x
ey〈y, α〉 = 〈Γx, α〉.
This completes the proof.
Proof of Theorem 5.2. If one proves the pairing (5.1) factors throughHS0 (X)×H
i+1,i
ct,ur (X/k),
then the required conditions (i) and (ii) are immediate from Lemma 5.1. Let α ∈
Hi+1,ict,ur (X/k) be an arbitrary element. Let Γ ⊂ A
1
k ×X be an integral closed subscheme
such that the projection φ : Γ→ A1k = Spec k[t] is finite and surjective. Let Γ0
def
= φ−1(0)
and Γ1
def
= φ−1(1) be the scheme-theoretic fibers of 0 and 1 respectively. We have to show
that
〈prX∗(Γ0 − Γ1), α〉 = 0.
First note that
Γ0 − Γ1 = φ
∗divA1k
( t
t− 1
)
= divΓ
( φ∗(t)
φ∗(t)− 1
)
= π∗divΓ˜
( φ∗(t)
φ∗(t)− 1
)
= π∗(Γ˜0 − Γ˜1),
where π : Γ˜→ Γ is the normalization of the curve Γ. Thus by applying Lemma 5.3 to the
composition Γ˜
pi
−→ Γ
prX−−→ X , we are reduced to prove that for any finite surjective mor-
phism φ : C → A1k from a normal connected k-curve and any element α ∈ H
i+1,i
tame,ur(C/k),
we have 〈C0, α〉 = 〈C1, α〉. However, according to Lemma 5.4, we have
〈Ci, α〉 = s
∗
iCor
t
C/A1k
(α)
for i = 0, 1. On the other hand, by Proposition 4.9(3), we have the natural isomorphism
Hi+1,i(k)
≃
−→ Hi+1,itame,ur(A
1
k/k). Therefore, s
∗
0 = s
∗
1 on H
i+1,i
tame,ur(A
1
k/k), which implies the
desired equality 〈C0, α〉 = 〈C1, α〉. This completes the proof.
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As an application, we have the following.
Corollary 5.5. Let X be a smooth geometrically connected variety over a field k of
characteristic p > 0. Suppose that for any finitely generated field extension K/k, the
degree map induces an isomorphism deg : HS0 (XK)
≃
−→ Z. Then for any integer i ≥ 0, we
have the natural isomorphism Hi+1,i(k)
≃
−→ Hi+1,ict,ur (X/k).
Proof. Let us prove the injectivity of the map Hi+1,i(k) → Hi+1,ict,ur (X/k). As the map
deg : HS0 (X)→ Z is surjective, there exists a 0-cycle z ∈ Z0(X) such that deg(z) = 1. It
suffices to notice that the composition
Hi+1,i(k)→ Hi+1,ict,ur (X/k)
〈z,−〉
−−−→ Hi+1,i(k)
is the identity map on Hi+1,i(k). This follows from the equation (2.8) together with the
condition that deg(z) = 1. Thus, the natural map Hi+1,i(k)→ Hi+1,ict,ur (X/k) is injective.
Let us prove the surjectivity of the mapHi+1,i(k)→ Hi+1,ict,ur (X/k). Let α ∈ H
i+1,i
ct,ur (X/k)
be an arbitrary element. It suffices to show that α is in the image of the map Hi+1,i(k)→
Hi+1,ict,ur (X/k). We follow the argument in [2, §4]. Let η ∈ (Xk(X))(0) be the generic point
of X . As the degree map deg : HS0 (X)→ Z is surjective, by [7, Theorem 9.2], there exists
a 0-cycle z ∈ Z0(X) such that deg(z) = 1 and z is supported on closed points having
separable residue extension k(z)/k. Therefore, Theorem 5.2(2) implies that
〈zk(X), αk(X)〉 = 〈z, α〉k(X).
On the other hand, as deg(zk(X)) = deg(η), the injectivity of the map deg : H
S
0 (Xk(X))→
Z implies that
〈zk(X), αk(X)〉 = 〈η, αk(X)〉 = α,
where the last equality follows from Theorem 5.2(1). Thus α = 〈z, α〉k(X) belongs to the
image of the natural map Hi+1,i(k)→ Hi+1,ict,ur (X/k). This completes the proof.
Remark 5.6. Let X be a proper smooth variety over a perfect field k of characteristic
p > 0. By restricting the pairing in Theorem 5.2 to the cohomology group Hi+1,i(X) of
X , we get a pairing
CH0(X)×H
i+1,i(X)→ Hi+1,i(k). (5.2)
This pairing can be described as follows.
In [9], Gros defined the trace map f∗ : H
i,j(Y ) → Hi+r,j+r(X) for any proper mor-
phism f : Y → X between smooth varieties over k, where r = dimX−dimY . In particu-
lar, if x : Spec k(x)→ X is a closed point, then we have x∗ : Fp = H
0,0(k(x))→ Hd,d(X),
where d = dimX , and the image of 1 ∈ Fp is denoted by cl(x) ∈ H
d,d(X). Moreover,
by [9, II, Proposition 4.2.33], the cycle class map cl : CH0(X) → H
d,d(X) is induced.
Therefore, if X is proper over k and f : X → Spec k is the structure morphism, we obtain
a pairing
CH0(X)×H
i+1,i(X)
(cl,id)
−−−−→ Hd,d(X)×Hi+1,i(X)
∪
−→ Hi+d+1,i+d(X)
f∗
−→ Hi+1,i(k).
(5.3)
Then, this paring coincides with the previous one (5.2), which can be checked by using
the transitivity and the projection formula for trace maps (cf. [9, II, Propositions 2.1.1
and 2.2.1]).
As discussed above, for the construction of the pairing CH0(X) × H
i+1,i
ur (X) →
Hi+1,i(k), we are reduced to the case where X = C is a proper normal k-curve, in
which case the natural map Hi+1,i(C)→ Hi+1,iur (C) is surjective (cf. Remark 3.6) and we
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have a commutative diagram
Z0(X)×H
i+1,i(C) //

Hi+1,i(k).
Z0(X)×H
i+1,i
ur (C)
66♠♠♠♠♠♠♠♠♠♠♠♠♠
Then, for any element α ∈ Hi+1,iur (C) and any f ∈ k(C)
×, the vanishing 〈div(f), α〉 = 0
follows from the vanishing 〈div(f), α˜〉 = 0, which is due to the pairing (5.3), where
α˜ ∈ Hi+1,i(C) is any lift of α.
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